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Consider the multiples of the Golden-Ratio ¢: ¢,2¢,3¢,.... What can
we say about the distribution of their fractional-parts in interval [0,1]7 In
this article we find out how, due to the Three Distance Theorem and prop-
erties of the Golden-Ratio, these values are well-distributed.

Let @ < 1 be any positive real number and N any positive integer. For
any real number z, let {x} denote the fractional part of x, i.e. {x} = x—|z].
What can we say about distribution of values:

{a},{2a},...,{Na} (1)
in the interval [0,1]7

In an earlier article titled Three Distance Theorem [1], we analyzed such
distribution for any general o. The basic statement of the Three Distance
Theorem is very simple. It says that, if the values in (1) are sorted and we
find the differences of all neighboring values (including interval boundaries
0 and 1), which we can call “gap lengths”, then there are either two or three
distinct gap-lengths. We also learned how these gap-lengths are related to
the Simple Continued Fraction of a. In this article we will make use of the
observations and theorems from [1], for the case of a = ¢.

We will often refer the values in (1) as {ma} where m is a positive integer.
The Simple Continued Fraction will be referred as “Continued Fraction”.

For any positive integers m and n, {m(a + n)} = {ma}. This is the
reason that, in [1], it was sufficient to consider only o < 1. For the same
reason, our analysis here for ¢ ~ 1.6180339... also applies exactly to ¢ —
L,o+ 1,0+ 2 etc.

Figure 1 shows the values of {m¢} for different values of N. Due to
the Three Distance Theorem, we expect to see either two or three distinct
gap-lengths.

Copyright (© 2021 Nitin Verma. All rights reserved.


https://mathsanew.com

Figure 1: {m¢} for some N
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Continued Fraction of ¢

We first note that ¢ is the positive solution to the quadratic equation:
T 1+
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s 22—2x-1=0
So, ¢ = (1 ++/5)/2, and
1

—1+=
¢ +¢

Please refer to the conventions used in section “Background” of [1] about
continued fractions. The continued fraction of ¢ is:

1
=1+— =[1;1,1,1,...

which is special since all a; terms are 1.

We define p_1 = 1 and ¢_1 = 0. For this continued fraction, we have
po = 1,q0 = 1. And due to the recurrence-relation (2) in [1], for all & > 0:

Pkt1 = Qk+1Pk + Pk—1 = Pk + Pk—1
Qk+1 = k119K + k-1 = Gk + Q-1



Thus, for this special case of ¢, the sequences of p; and g;, values each fol-
low the same recurrence-relation as the Fibonacci Sequence, which is defined
as:

Fro=0
=1
F,=F, o+ F, 1 foralln>2
So, in the continued fraction of ¢, for all £ > 0:
P = Flto
Qe = Frt1

Thus the convergents which approximate ¢ are: pg/qx = Fri2/Fkt1.

Now, consider any integer N > 1 and its corresponding unique integers
t, r and s, as defined by relations (3) and (4) in [1]. The relation (3) in [1],
which defines ¢ for N, now becomes:

-1+ q <N < qt + qe41
& F+Fp <N<Fyp+Fo
& Fiyo <N < Fiys (2)

So, with o = ¢, the t > 0 corresponding to N is such that Fi o is the
largest Fibonacci number not exceeding N.

The range of r as defined by relation (4) in [1] is: 1 < r < azy1. With
¢, air1 =1 for all ¢ > 0. So in this case we have r =1 for all N.

The Three Gap-Lengths

We will be using a few facts from the theory of continued fractions. Say,
P/ qx represent the convergents from the continued fraction of a real number
« > 0. Then, it is known that for all k£ > 0:

1
a— Pkl <
qk qrqk+1
1
& lgea —pr| < —
qk+1

For all £ > 0, since qx4+1 > 1, so:

lgra — p| < 1



It is also known that, for all k > O:
Pe ‘ D
a——=|la—=—

—1)*
qk dk ( )
& g —pi = |ga — pi(—1)F

Due to above relations, and the fact that any integer can be added or sub-
tracted inside {}, {gra} can also be written as:

{awa} = {gra — pi}

= {14+ quo — pi}
= {1+ |gea — pi| (—1)*}
= qrQ — Pk (for even k)
{1 -k — @)} =1— (pr — qr) (for odd k) (3)

Now we compute the gap-lengths for ¢. As defined in section “Three
Distance Theorem” of [1], we will use u; and uy to refer to the two “corner
points”.

Consider the case when ¢ is even. Using theorem 4 in [1], the u; and uy
for ¢ will be:
ur = qr = Fiyq
UN = qt—1 + rqr = Ft + (1)Ft+1 = Ft+2

We noted earlier, due to relation (2), that Fy;o is the largest Fibonacci
number not exceeding N. Now we see that the two corner points correspond
to the two largest Fibonacci numbers not exceeding V.

Now we use theorem 2 in [1] to find the three gap-lengths, which are
specified as L1, Lo and Ly + Lo in that theorem.

Li ={wa}
= {qa}

= qtox — Py (due to (3) with t even)
= Fi110 — Fiyo

Ly =1—{uya}
=1—{q10a} (since Fiy4o is also q41)
=1—(1—(pt+1 — @t+10)) (due to (3) with t + 1 odd)

= Pt+1 — qt+1¢
=Fi3— Fii29



Li+Ly=F1¢0— Fipo+ Fii3 — Fipo¢p = Fip1 — Fio

This was for even ¢. Similarly, it can be proved that for ¢ as odd, the
expressions of the three lengths will be:

Ly = —(Fyy3 — Fi120)
Ly = —(Fi41¢ — Fii2)
L1+ Ly = —(Fiy1 — Fi9)

Corollary 1. The two smallest gap-lengths (L1 and Lo, in this order or
reverse) for oo = ¢ are:

|Fri2¢ — Fris| and [Fry1¢ — Fiyol

where, Fyio (t > 0) is the largest Fibonacci number not exceeding N. The
gap-length L1 + Lo can also be written as:

|Frp — Fypa).

Note how u; and uy, and hence the three gap-lengths, change only when
t changes. Due to the relation (2) which defines ¢, that occurs whenever N
attains any Fibonacci number.

Note that, gaps of length L+ Lo need not exist for all N. From corollary
5 in [1], gap-length L 4+ Lo will not exist if s = ¢ — 1. For case of ¢, that
can be rewritten as:

s=q —1
& N—-—qga—-rg=q¢—1 (due to relation (4) in [1])
o N-F—Fy=Fq—1
o N=Fys—1

Corollary 2. For a = ¢, the gap-length of L1 + Lo does not exist whenever
N +1 is some Fibonacci number.

So, in Figure 1 for N = 12, which is F7 — 1, we should expect only two
distinct gap-lengths.



Alternate Form

For any integer n > 0, the expression Fj,¢—F,,+1 can be repeatedly expanded
as below:

FnQS_FnJrl:Fnﬁb_anl_Fn

== n(¢_1)_Fn—1
- Z ~Fu (since ¢ — 1 = 1/¢)

So, the three gap-lengths in corollary 1 can also be expressed as:

1

|Fipo — Frys| = o2
1
[Fit1¢ — Fiyo| = =)
1
|Frp — Fira] = o (5)

Ratio of the Gap-Lengths

It is evident from relation (5) that the mutual ratio of the gap-lengths is
itself the golden-ratio ¢. This is an interesting and useful property of the
golden-ratio.

Note that for any general real number «, although there are only two
or three gap-lengths always, but the lengths need not be in a ratio (large
to small) close to 1 or 2. But for o = ¢, we found that they are always in
the ratio ¢ ~ 1.6. So, the lengths are not very disproportionate with each
other.



In fact, from book [2], chapter 6.4 “Hashing”, exercise 9 we learn that —
only when {a} = 1/¢ or 1/¢* (note that 1/¢ = ¢—1, and 1/¢* = 1—1/¢), do
we have the two smallest gap-lengths in ratio (large to small) not exceeding
2 for any N number of values. For all other «, this ratio will exceed 2 for
some V.

It is this property of ¢ which makes it unique among all real numbers
with regard to the “closeness” of the gap-lengths. So, if we are looking to
make the distribution of {ma} in [0,1] as uniform as possible for all N, then
{a} =1/¢ or 1/¢?* are good choices.

In Figure 1, we observe that the distribution of {m¢} for N = 100 has
good uniformity. There are no cluster of values around any point.
|

References

[1] Nitin Verma. Three Distance Theorem.
https://mathsanew.com/articles/three_distance_theorem.pdf
(2020).

[2] Donald E. Knuth. The Art of Computer Programming, Vol.3, Second
Edition. Addison-Wesley, 1998.



